The aim of this paper is to introduce a new H(·, ·)-η-cocoercive operator and its resolvent operator. We study some of the properties of H(·, ·)-η-cocoercive operator and prove the Lipschitz continuity of resolvent operator associated with H(·, ·)-η-cocoercive operator. Finally, we apply the techniques of resolvent operator to solve a generalized set-valued variational-like inclusion problem in Banach spaces. Our results are new and generalize many known results existing in the literature. Some examples are given in support of definition of H(·, ·)-η-cocoercive operator. MSC: 47H19; 49J40
Introduction
Variational inclusion problems are interesting and intensively studied classes of mathematical problems and have wide applications in the field of optimization and control, economics and transportation equilibrium, and engineering sciences, etc., see for example By taking into account the fact that η-cocoercivity is an intermediate concept that lies between η-strong monotonicity and η-monotonicity, in this paper, we introduce H(·, ·)-η-cocoercive operator and its resolvent operator. We then apply these new concepts to solve a generalized set-valued variational-like inclusion problem in Banach spaces. http://www.journalofinequalitiesandapplications.com/content/2012/1/149
(vii) η is said to be Lipschitz continuous, if there exists a constant τ >  such that
If X = H, a Hilbert space, then definitions (i) to (iv) reduce to the definitions of η-cocoercive, η-monotone, η-strongly monotone and η-relaxed cocoercive, respectively, introduced by Ansari and Yao [] .
If in addition, η(x, y) = x -y, for all x, y ∈ X, then definitions (i) to (iv) reduce to the definitions of cocoercivity [] , monotonicity, strong monotonicity [] and relaxed cocoercive, respectively. Definition . Let A, B : X → X, H : X × X → X, η : X × X → X be three single-valued mappings and J : X →  X * be a normalized duality mapping. Then
is said to be η-cocoercive with respect to A, if there exists a constant μ >  such that
(ii) H(·, B) is said to be η-relaxed cocoercive with respect to B, if there exists a constant γ >  such that
is said to be r  -Lipschitz continuous with respect to A, if there exists a constant r  >  such that
(iv) H(·, B) is said to be r  -Lipschitz continuous with respect to B, if there exists a constant r  >  such that
Definition . A set-valued mapping M : X →  X is said to be η-cocoercive, if there exists 
(ii) Lipschitz continuous in the second argument with respect to Q, if there exists a constant t  >  such that
(iii) η-relaxed Lipschitz in the first argument with respect to T, if there exists a constant τ  >  such that
(iv) η-relaxed Lipschitz in the second argument with respect to Q, if there exists a constant τ  >  such that
H(·, ·)-η-cocoercive operator
In this section, we define a new H(·, ·)-η-cocoercive operator and show some of its properties.
operator with respect to A and B, if M is η-cocoercive and (H(A, B) + λM)(X) = X, for every λ > .
Example . Let X = R and A, B : R → R be defined by
Let M : R →  R be a set-valued mapping defined by
, for any fixed natural number n. http://www.journalofinequalitiesandapplications.com/content/2012/1/149 
Let A, B : X → X be defined by
Let H(A, B) : X × X → X be defined as
Suppose that M = I, where I is the identity mapping. Then for λ = , we have
which means that  / ∈ (H(A, B) + M)(X) and thus M is not H(·, ·)-η-cocoercive with respect
to A and B.
Proposition . Let H(A, B) be η-cocoercive with respect to A with constant μ >  and η-relaxed cocoercive with respect to B with constant γ > , A is α-expansive and B is β-Lipschitz continuous and μ
Proof Suppose that there exists some (u  , x  ) such that
Since M is H(·, ·)-η-cocoercive with respect to A and B, we know that (H(A, B) + λM)(X) = X holds for every λ >  and so there exists (u  , x  ) ∈ Graph(M) such that
It follows from (.) and (.) that As M is η-cocoercive (thus η-accretive), we have
Theorem . Let H(A, B) be η-cocoercive
Since H is η-cocoercive with respect to A with constant μ and η-relaxed cocoercive with respect to B with constant γ , A is α-expansive and B is β-Lipschitz continuous, thus (.) becomes : X → X is defined by
Now, we show the Lipschitz continuity of the resolvent operator defined by (.) and calculate its Lipschitz constant.
Theorem . Let H(A, B) be η-cocoercive with respect to A with constant μ >  and η-relaxed cocoercive with respect to B with constant γ > , A is α-expansive, B is β-Lipschitz continuous and η is τ -Lipschitz continuous and μ > γ , α > β. Let M be an H(·, ·)-η-cocoercive operator with respect to A and B. Then the resolvent operator R H(·,·)-η
Proof Let u and v be any given points in X. It follows from (.) that
R H(·,·)-η λ,M (u) = H(A, B) + λM - (u), and

R H(·,·)-η λ,M (v) = H(A, B) + λM - (v).
This implies that
(u) , and
For the sake of convenience, we take
Since M is η-cocoercive (thus η-accretive), we have
which implies that
It follows that
≥ H A(Pu), B(Pu) -H A(Pv), B(Pv)
, j η(Pu, Pv) http://www.journalofinequalitiesandapplications.com/content/2012/1/149
= H A(Pu), B(Pu) -H A(Pv), B(Pu) + H A(Pv), B(Pu) -H A(Pv), B(Pv) , j η(Pu, Pv) = H A(Pu), B(Pu) -H A(Pv), B(Pu) , j η(Pu, Pv)
This completes the proof.
Existence result for generalized set-valued variational-like inclusion problem
In this section, we apply H(·, ·)-η-cocoercive operators to find a solution of generalized set-valued variational-like inclusion problem.
Let 
where λ >  is a constant.
Proof Proof is straightforward by the use of definition of resolvent operator.
Based on Lemma ., we define the following algorithm for approximating a solution of generalized set-valued variational-like inclusion problem (.).
Algorithm . For any
, compute the sequences {u n }, {w n }, and {v n } by the following iterative scheme:
for all n = , , , . . . and λ >  is a constant. 
Theorem . Let X be a real Banach space. Let A, B
Then there exist u ∈ X, w ∈ T(u) and v ∈ Q(u) satisfying the generalized set-valued variational-like inclusion problem (.) and the iterative sequences {u n }, {w n } and {v n } generated by Algorithm . converge strongly to u, w and v, respectively. http://www.journalofinequalitiesandapplications.com/content/2012/1/149
Proof Since T is D-Lipschitz continuous with constant λ T and Q is D-Lipschitz continuous with constant λ Q , it follows from Algorithm . that
By using Algorithm . and Lipschitz continuity of resolvent operator R
, we have
Using Lemma ., we have
As H(·, ·) is r  -Lipschitz continuous with respect to A, we have
Since N is t  -Lipschitz continuous with respect to T in the first argument and t  -Lipschitz continuous with respect to Q in the second argument and T is λ T -Lipschitz continuous and Q is λ Q -Lipschitz continuous, we have
As η is τ -Lipschitz continuous, we have
Since N is η-relaxed Lipschitz continuous with respect to T and η-relaxed Lipschitz continuous with respect to Q in first and second arguments with constants τ  and τ  , respectively, we have 
